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Abstract 

We introduce a new generic model of a deformed Composite Fermion-Fermi 
Surface (CF-FS) for the Fractional Quantum Hall Effect near u = 1/2 in 
the presence of a periodic density modulation. Our model permits us to 
explain recent surface acoustic wave observations of anisotropic anomalies 
[1,2] in sound velocity and attenuation - appearance of peaks and anisotropy 
- which originate from contributions to the conductivity tensor due to regions 
of the CF-FS which are flattened by the applied modulation. The calculated 
magnetic field and wave vector dependence of the CF conductivity, velocity 
shift and attenuation agree with experiments. 
PACS numbers 71.10 Pm, 73.40 Hm, 73.20 Dx 

The integer and fractional quantum Hall effects (IQHE and FQHE) continue to reveal 
new and unexpected physics in strongly correlated 2-dimensional electron systems [3]. Re- 
cently, particular attention has been given to FQHE systems at and near half filling of the 
lowest Landau level (LLL). According to the Halperin, Lee and Read theory [4] at v — 1/2 
each electron is decorated by two quantum flux tubes, producing a new fermionic quasi- 
particle, the composite fermion (CF). At T = 0, CFs are distributed inside the Composite 
Fermion-Fermi Surface (CF-FS), which is assumed to be a circle. At Az/ = 0, the two flux 
tubes attached to each electron give rise via the "Chern Simons" mechanism [3] to an extra 
("fictitious") magnetic field opposite to and exactly canceling the applied B field. When 



v — 1/2 ± Av (Av 7^ 0) the Chern-Simons field does not cancel the applied field and the 
CF's move in a non-zero magnetic field B e jj (B e ff = B — 4nhcn/e, where n is the electron 
density) which is proportional to Av. In order to test the predictions of this theory it is 
necessary to study the motion of the carriers in this field. A sensitive tool for this purpose 
is surface acoustic wave (SAW) propagation which gives quantitative information about the 
carriers [5]. 

Recently [1,2] anomalous behavior was observed for the SAW velocity and attenuation 
near filling factor v = 1/2 when a periodic density modulation was applied. Measurements 
of the velocity shift As/s and the attenuation T in the SAW response orthogonal to the 
modulation direction showed an unexpected effect. The minimum in As/s at v = 1/2 which 
was observed repeatedly in non-modulated systems [5] , was converted to a large maximum, 
when the modulation wave vector, and the magnitude of the external field which produces 
the modulation, were above some critical values. On further increase of the magnitude of 
the density modulation, the peak in the velocity shift disappeared and was again replaced 
by a minimum. For SAW propagation parallel to the direction of density modulation, no 
such anomaly was found for the response of the electron system. 

The grating modulation will influence the CF system in two ways: through the direct 
effect of the modulating potential and through the effect of the magnetic field AB(r) propor- 
tional to the density modulation An(r) (^AB(r) = AivhcAn(r) / e^j . The latter was analysed 
recently [6] under the conditions q « g; ql « 1 (q, g are the SAW and periodic density 
modulation wave vectors; / is the CF mean free path). It was shown that the corresponding 
component of the electron conductivity (a xx , for the SAW propagating along the x axis for 
q _L g had an additional term proportional to (An/n) 2 (An is the amplitude of the density 
modulation). Similar results under the same conditions were obtained in [7]. 

In this paper we will analyze the effect of the periodic density modulation on the CF 
system under conditions of the experiment [1] (ql > 1, q ~ g). The starting point of the 
analysis is that the periodic modulating field deforms the CF-FS analogous to the crystalline 
field in metals. The modulating potential wave vector g in this case replaces the reciprocal 
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lattice vector. 

We will show that a modulation-induced deformation of the originally circular CF-FS 
can be at the origin of the observed transport anomalies. We assume that exactly at v — 
1/2 the CF-FS is a circle, with radius pp = (ATrnh 2 ) 1 ^ 2 . In the presence of the grating 
modulation the CF-FS circle is distorted and can be "flattened" in the neighborhood of 
special points where the curvature vanishes. When ql > 1 such small, locally "flat" regions 
can under certain conditions, play a disproportionately important role in determining the 
magneto-conductivity response due to the unusually large density of quasiparticle states 
there. The response is very sensitive to local changes of the FS geometry: the flattening 
of the "effective" part of the CF-FS where the CF velocity vector v and q are nearly 
transverse (q • v ~ 0) can change the main approximation to the CF conductivity whereas 
the nonuniformity of the -B e // determines corrections to it which are small when An/n << 1 
[6,7]. Hence the modulation-induced deformation can be the most important factor affecting 
the CF response functions at ql > 1. We introduce a concrete model which permits us to 
obtain analytical expressions for As/s and T. Using appropriate parameters we obtain 
semiquantative agreement with experiment. The model also explains the orthogonality of 
response and predicts its wave-vector dependence. 

Our explicit deformed CF-FS model is new, to our knowledge. A point of contact 
between our work and that of [7] may be their assertion of anisotropic resistivity due to 
the spatially averaged current and electric field in the presence of periodically modulated 
quasiparticle density [see eqn. (2) of ref. 7]. This assertion seems implicitly to correspond 
to our deformed CF-FS; the two approaches would then be equivalent when An <C n. We 
conjecture below that the reason for the reported disappearance of peaks at the highest 
modulation is related to additional topological change in the CF-FS. 

As a first step, assume the periodic modulation in the y-direction introduces a single 
Fourier component of potential V g into a "nearly-free" particle CF model. The resulting 
dispersion relation is: 



3 



v 2 P* 2 



f hgp* y ' 



+ V 2 , 

1 'o I 



(1) 



2m* 2m* 8m* 

with p* y = p y — hg/2, m* is the CF effective mass. The curvature of the 2-D CF-FS can also 
be directly calculated as: 

dv r n dv v o dv 



K 



2 ® v y 2 ' 

^V x Vy— V x ~ - V„ 



V, 



'd P y ~ X d P y " y dp x \/~' ^ 

with v = yjv 2 + v 2 . The curvature k tends to zero when p x — > ±p F ^JV g / Ep. The importance 
of this is that near to these points on the CF-FS the CF velocities are nearly parallel to the 
y direction. When ql 3> 1 these parts of the CF-FS make the major contribution to the 
velocity shift As/s and attenuation T of the SAW propagating in the x direction. Near these 
zero curvature points we will use asymptotic expressions for Eq.(l). Determining (p x o,Pyo) 



by p x0 = VPf, P y o =Pf \1 ~ ~^2 ]2 y wliere V = \f V g/ E F, E F = p 2 F /2m*, we can expand 
the variable p y in powers of (p x — p x0 ) , and keep the lowest order terms in the expansion. 
We obtain: 

2 (p x -Pxo) 3 
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Near p x0 , where (\p x ~ p x o\ < i] 2 p F ) the first term on the right side of Eq.(3) is small compared 
to the second one and can be omitted. Hence near p x0 we have: 
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The "nearly free" particle model can be used when the ratio V g /Ep is very small. For 
larger V g corresponding to An/n of the order of a few percent (as in the experiment [1]) the 
local flattening of the CF-FS can be more significant. To analyze the contribution to the 
conductivity from these flattened parts we generalize Eq. (4) for E(p) and define our model 
as: 
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where po is a constant with the dimension of momentum, the m^ are effective masses, and 
7 is a dimensionless parameter which will determine the shape of the CF-FS . When 7 > 2 



the 2-D CF-FS looks like an ellipse flattened near the vertices (0, ±po). Near these points 
the curvature is: 

7(7 - 1) 

K = . 

2p ^m 1 /m 2 

and, k — > at p x — > 0. The CF-FS will be the flatter at (0, ±p ), the larger is the parameter 
7. A separate investigation is required to establish how 7 depends on modulation magnitude 
V g . Here we postulated Eq. (5) as a natural generalization of Eq. (4) and we then derive 
the resulting SAW response. A separate investigation is required to establish how 7 depends 
on modulation magnitude V g . Here we postulated Eq. (5) as a natural generalization of Eq. 
(4) and we then derive the resulting SAW response. 

In a GaAs heterostructure with a 2-D electron gas subject to a travelling SAW, piezo- 
electric coupling produces a longitudinal electric field which interacts with the electron gas. 
Taking the SAW wave vector as (q, 0, 0) we obtain that the resulting velocity shift As/s and 
SAW attenuation rate T are given by the following expressions [8] 

As/s = [a 2 /2]K(l + ia xx /a m )-\ (7) 
T = -q(a 2 )/2Z(l + ta xx /a m )- 1 . (8) 

In these equations, u> = sq is the SAW frequency, a is the piezoelectric coupling constant, 
a m — esj (2n) with e an effective dielectric constant of the medium, a xx is the xx component 
of the electronic conductivity tensor; real and imaginary parts are indicated. In order to 
proceed we now need to establish some preliminary results. We use the semi-classical CF 
theory [4] in which the CF quasiparticles have charge e, and finite mass to*. However, as 
described below, a particular variant of the solution of the Boltzmann equation was needed 
for the present work. In semiclassical CF theory the electron resistivity tensor p at finite q, uj 
is the sum of a CF term and a term originating in the magnetic field of the Chern-Simons 
(CS) vector potential. The CS part has only off-diagonal elements, 

(P CS U = -(P CS ) VX = 4^/e 2 . (9) 
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In a strong magnetic field we have p xy ^> p xx , p yy , and hence we can use the approximation: 
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(Anh) 2 a xx (q)a yy (q) + cr^(q) ' 

where a = (p CF ) _1 is the CF conductivity. 

To evaluate the CF conductivity a a p{q) so that we can pass smoothly to the B e ff — > 
limit for a flattened CF-FS, we begin with the expression obtained from solution of the 
linearized Boltzmann equation in the presence of the magnetic field, assuming a relaxation 
time r. This is: 



e 2 m c 1 



2vr 



dip < exp 



iq 



WW 



v a (ip) x 



X 



J exp !1 J Vx y,')di// + ±-W - 1,) 



> . 



(11) 



Here V Qij a are the CF velocity components (a, (3 = x,y); Q = \e\B e ff/m c c is their cyclotron 
frequency; ip is the angular coordinate on the CF cyclotron orbit, (ip = Q6; 9 is the time 
of the CF motion along the cyclotron orbit). We have taken ur < 1. We proceed [9] as 
follows. Express the velocity components vp(ip') as Fourier series: 
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Introducing a new variable rj: 



e 

r]= (- + ihSl + iqvxty)^ 9 + iq J[v x (i/j + n9') -v x (ip)]d9'; 9 = (rj/ - (13) 



and substituting (12) and (13) into (11) we obtain: 
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To proceed we can transform the integral over ip in (14) to an integral over the CF-FS. 
Reexpressing the element of integration as m c dip = d\/\v\ (dX is the element of length 
along the Fermi Arc), and replacing m c by a suitable combination of mi,m 2 of our model 
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(5); e.g. for an ellipse m c = v /mim 2 , we can now parameterize the dispersion equation of 
our model (5) as follows: 

p x = ±p \ cost| 2/7 ; p y = Po\Jm 2 /mi sint, (15) 

where < t < 2n, and the + and — signs are chosen corresponding to normal domains of 
positive and negative values of the cosine. Where ql 1, the leading term in the resulting 
formula originates from parts of the CF-FS where v x ~ 0. Expanding it in powers of (ql)^ 1 
and keeping the main term in the expansion we obtain: 

= \^^ S +^ r ) + S-„(CIt)) (16) 
^, W - / ,<! T W ± and * is a Sma » dl _ leSS _ of 

— OO 

the order of lot. Here for convenience we introduced \i = 1/(7 — 1) which is a dimensionless 
parameter (0 ^ /t < 1), with // = 1, or 7 = 2 corresponding to the case that the CF-FS is 
an ellipse. In these variables, the CF mean-free-path £ is equal to: 



l= ^±l^L. (17) 



Passing to the limit B e ff = we have: 



°»l v= 2) = M?Mt- (18) 



In this equation b = Afx 2 /(fx + l)ymi/m 2 [sin(7r / u/2)] _1 . This expression eqn.(18) predicts 
that measuring the g-dependence of the conductivity exactly at -B e // — {y — 1/2) can give 
the deformation parameter //. When the CF-FS is an undeformed circle ( m 1 = m 2 = to*) 
then 6 = 2 and the result is identical to the corresponding result obtained in [4] . It is worth 
emphasizing that when the flattening of the CF-FS is strong, with 7 ^> 1, the quantity 
/i~0 and the CF conductivity will be enhanced compared to the circular case, and it will be 
effectively independent of q (See eqn.(16)). Independence of q has been found experimentally 
[1]. For small Qt, (VLtujt < 1) one can expand the functions S± fl (Qr) ((J, 7^ 1) in powers of 



S ±M (fir) = (1 T fir)^ 1 1 + ]T 
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Keeping the terms larger than (fir) 3 one has: 
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Here a 2 = ((1 — //)(2 — //)/2)(1 + 25q) and f = (1 — fi)5o are positive constants. For sufficiently 
small values of the parameter ji (significant flattening of the effective parts of the CF-FS) 
the constant a 2 is of the order of unity and the constant f is small compared to unity, because 
of the small factor S . Other components of the CF conductivity tensor can be calculated 
similarly. 

Substituting the results into (10), we can obtain the expression for the electron conduc- 
tivity component a xx . Then using (7), (8) we have: 



Here a = a xx {y = 1/2) /a m . Expression (21) and (22) are the new results of our theory. 
They predict peaks both in the SAW attenuation and velocity shift at v = 1/2; the peaks 
arise due to distortion of the CF-FS in the presence of the density modulation. When 
the CF-FS flattening is strong (/j < 1) the magnitude of the peak of the velocity shift is 
practically independent of the SAW wave vector q. Also these anomalies are not sensitive 
to any relation between q and the density modulation wave vector g. As was observed 
repeatedly [1,2] the peaks appear when the magnitude of the modulating potential and its 
wave vector are sufficiently large. These quantities V g and g determine the character and 
amount of distortion of the CF-FS, by changing 7 in our model. 

We now suggest an explanation for the observed disappearance of the SAW peak in 
As/s when the magnitude of density modulation was at highest measured values. In metals 
it is known [10,11] that external factors, as well as changes in electron density can cause 




(21) 




(22) 



8 



changes in FS topology such as in the connectivity. These changes are sensitively reflected 
in the response functions. We suggest this can occur in the CF case. A topological change 
of the CF-FS connectivity can be caused by increased magnitude of modulating field and 
correspondingly increased quasiparticle density modulation amplitude An. Changing the 
CF-FS connectivity can lead to the disappearance of the flattening of the effective parts 
of the CF-FS. In this case the anomalous maximum in the magnetic field dependence of 
As/s will be replaced by minimum. Thus assuming the relevance of such a CF topological 
transition, we can explain the disappearance of the peak in the SAW velocity shift under 
increase of the modulation strength. Additional experimental consequences of our model 
and more details of the theory including the analysis of the contributions to the 2DEG 
respose arising due to the additional nonuniform magnetic field AB(r) will be presented 
elsewhere [12]. 

We again remark that our work is based on the charged CF picture for FQHE, for example 
as derived at v — 1/2 in ref. [4]. We followed previous work by assuming the CF-FS exists, 
as supported also by a theoretical study [13]. The relevant magnetic symmetry translation 
[14] which would replace Bloch wave vector k by a "good" quantum index for state labels 
and transport theory, have not been used to our knowledge. An alternate picture for the 
FQHE also derived from a Chern-Simons approach, gives the quasiparticles at v — 1/2 as 
neutral dipolar objects, with the Hall current being carried by a set of collective magneto- 
plasmon oscillators. To our knowledge, a magneto-transport theory based on this second 
picture does not exist at present, so we are not able to compare our results with any derived 
from that picture. 
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